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Abstract
Totally symmetric continuous spin field propagating in (A)dS is studied. Lagrangian gauge in-
variant formulation for such field is developed. Lagrangian of continuous spin field is constructed
in terms of double traceless tensor fields, while gauge transformations are constructed in terms of
traceless gauge transformation parameters. de Donder like gauge condition that leads to simple
gauge fixed Lagrangian is found. Gauge-fixed Lagrangian invariant under global BRST transfor-
mations is presented. The BRST Lagrangian is used for computation of a partition function. It
is demonstrated that the partition function of the continuous spin field is equal to one. Various
decoupling limits of the continuous spin field are also studied.
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1 Introduction
Continuous spin field has attracted some interest in recent time. Such field can be considered
as a field theoretical realization of continuous spin representation of Poincare´ algebra which was
studied many years ago in Ref.[1]. For extensive list of references on this theme see Refs.[2, 3].
Interesting feature of continuous spin field is that this field is decomposed into infinite chain of
coupled scalar, vector, and tensor fields which consists of every field just once. We note then that
a similar infinite chain of fields enters higher-spin gauge field theories in AdS space [4]. Note
however that fields in Ref.[4] are decoupled as coupling constant tends to zero. Also it turns out
that some regimes in string theory are related to continuous spin field [5]. We think that further
progress in understanding dynamics of continuous spin field requires, among other things, better
understanding of gauge invariant Lagrangian formulation of continuous spin field in (A)dS and flat
spaces. This is what we are doing in this paper.
Gauge invariant formulation for bosonic continuous spin field in four-dimensional flat space,
R3,1, was developed in Ref.[6], while gauge theory of fermionic continuous spin field in R3,1 was
studied in Ref.[7]. So far Lagrangian formulation of continuous spin field propagating in (A)dS
space has not been discussed in the literature. Our major aim in this paper is to develop Lagrangian
gauge invariant formulation of continuous spin bosonic field in (A)dSd+1 space with arbitrary
d ≥ 3. We use our gauge invariant Lagrangian for derivation of gauge-fixed BRST Lagrangian
of continuous spin field which is invariant under global BRST and anti-BRST transformations.
We use our BRST Lagrangian for computation of a partition function and demonstrate that such
partition function is equal to 1. Also we analyse various limits of gauge invariant Lagrangian
for continuous spin field in (A)dS space. We demonstrate that such limits lead to appearance
of massless, massive and partial-massless fields. By product, considering limit of flat space, we
obtain Lagrangian gauge invariant formulation of continuous spin field in flat Rd,1 with arbitrary
d ≥ 3. We note that, so far, Lagrangian formulation of continuous spin field in flat space Rd,1 with
arbitrary d ≥ 3 was discussed only in the framework of light-cone gauge approach [2].
2 Lagrangian and gauge transformations of continuous spin field
We start with a discussion of a field content entering our gauge invariant formulation of continuous
spin field. To discuss a continuous spin field propagating in AdSd+1 space, we introduce scalar,
vector and tensor fields of the so(d, 1) Lorentz algebra,
φa1...an , n = 0, 1, . . . ,∞ . (2.1)
In (2.1), fields with n = 0 and n = 1 are the respective scalar and vector fields of the so(d, 1)
algebra, while fields with n ≥ 2 are the totally symmetric tensor fields of the Lorentz so(d, 1)
algebra. Fields φa1...an (2.1) with n ≥ 4 are taken to be double-traceless,
φaabba5...an = 0 , n = 4, 5, . . . ,∞. (2.2)
Fields in (2.1) subject to constraint (2.2) constitute a field content of our approach.
To streamline our presentation we introduce a set of creation operators αa, υ, and the respective
set of annihilation operators, α¯a, υ¯ which we will refer to as oscillators. Using the αa, υ, we collect
fields (2.1) into a ket-vector |φ〉 defined as
2
|φ〉 =
∞∑
n=0
υn
n!
√
n!
αa1 . . . αanφa1...an |0〉 . (2.3)
In terms of the ket-vector |φ〉, constraint (2.2) can be represented as (α¯2)2|φ〉 = 0.
Gauge invariant action and Lagrangian of continuous spin field we found can be presented as
S =
∫
dd+1xL , L = 1
2
e〈φ|E|φ〉 , (2.4)
E ≡ (1− 1
4
α2α¯2)(✷(A)dS +m1 +m2α
2α¯2)− LL¯ , (2.5)
L¯ ≡ α¯D − 1
2
αDα¯2 − e¯1Π[1,2] + 1
2
e1α¯
2 , (2.6)
L ≡ αD − 1
2
α2α¯D − e1Π[1,2] + 1
2
e¯1α
2 , (2.7)
〈φ| ≡ (|φ〉)†, where e = det eam, while eam stands for vielbein in (A)dS space. The notation
✷(A)dS in (2.5) is used for the D’Alembert operator in (A)dS space. Quantitiesm1, m2, and e1, e¯1
appearing in (2.5)-(2.7) are defined by relations
m1 = −µ0 − ρ
(
Nυ(Nυ + d− 1) + 2d− 4
)
, m2 = ρ , (2.8)
e1 = eυυ¯ , e¯1 = −υeυ , (2.9)
eυ =
[ 1
(Nυ + 1)(2Nυ + d− 1)F (Nυ)
]1/2
, (2.10)
F (Nυ) ≡ µ1 −Nυ(Nυ + d− 2)
(
µ0 + ρ(Nυ + 1)(Nυ + d− 3)
)
, (2.11)
where, in (2.8),(2.11), µ0, µ1 stand for dimensionfull constants, while ρ is defined as
ρ = − 1
R2
for AdS space; ρ = 0 for flat space; ρ =
1
R2
for dS space, (2.12)
and R is a radius of (A)dS space. Quantities Nυ, αD, α
2 are defined in Appendix. We note the
relation e〈φ|LL¯|φ〉 = −e〈L¯φ|L¯|φ〉 (up to total derivative). The following remarks are in order.
i) Our Lagrangian depends on ρ given in (2.12) and two arbitrary dimensionfull parameters µ0, µ1.
ii) On space of double-traceless ket-vector |φ〉, operator E (2.5) can alternatively be represented as
E = ✷(A)dS +M1 − 1
4
α2α¯2(✷(A)dS +M2)− LL¯ , (2.13)
M1 ≡ −µ0 − ρ
(
Nυ(Nυ + d− 1) + 2d− 4
)
, (2.14)
M2 ≡ −µ0 − ρ
(
Nυ(Nυ + d− 5) + 6
)
. (2.15)
iii) Two-derivative contributions to operator E (2.5) coincide with two-derivative contributions to
the standard Fronsdal operator that enters Lagrangian of free massless field in (A)dS space.
iv) Representation for gauge invariant Lagrangian given in (2.4)-(2.7) is universal and is valid
for arbitrary theory of gauge fields propagating in (A)dS space. Various (A)dS field theories are
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distinguished by operators m1, m2, e1, e¯1 entering the operator E. Namely, the operators E of
massless, massive, conformal, and continuous spin fields propagating in (A)dS space depend on
the covariant derivative Da and the oscillators αa, α¯a in the same way as the operator E given
in (2.4). This is to say that operators E for massless, massive, conformal, and continuous spin
field in (A)dS space are distinguished only by the operators m1, m2, e1, and e¯1. It is finding the
operatorsm1,m2, e1, and e¯1 that provides real difficulty. For the reader convenience we note that,
for massless fields in (A)dSd+1, the operatorsm1,m2, e1, and e¯1 take the form
m1 = ρ
(
Nυ(Nυ + d− 5)− 2d+ 4
)
, m2 = ρ,
e1 = 0, e¯1 = 0, for massless fields in (A)dSd+1 . (2.16)
Explicit expressions for the operatorsm1,m2, e1, and e¯1 corresponding to the massive and confor-
mal fields in (A)dS can be found in Refs.[11, 12].
v) It is the use of operators L, L¯ (2.6),(2.7) that considerably simplifies our Lagrangian. We refer
to the operator L¯ as modified de Donder divergence. Equating e1 = 0, e¯1 = 0 gives the standard de
Donder divergence. For massless continuous spin field in R3,1, i.e., the case d = 3, µ0 = 0, ρ = 0,
the operator L¯was introduced in Ref.[6]. For d = 3, µ0 = 0, ρ = 0, our Lagrangian (2.4) coincides
with the one in Ref.[6]. Idea to use modified de Donder divergence to simplify Lagrangian of
massive field in flat and (A)dS space was first exploited in Refs[10, 12]. Alternative representation
for Lagrangian of massive field without use of de Donder was first obtained in Ref.[13]. Discussion
of the standard de Donder divergence for studying various aspects of higher-spin field theory may
be found in Refs.[14].
Gauge symmetries. To discuss gauge symmetries of continuous spin field we introduce the
following gauge transformation parameters:
ξa1...an , n = 0, 1, . . . ,∞ . (2.17)
In (2.17), gauge parameters with n = 0 and n = 1 are the respective scalar and vector fields of the
Lorentz so(d, 1) algebra, while the gauge parameters with n ≥ 2 are totally symmetric traceless
tensor fields of the Lorentz so(d, 1) algebra,
ξaaa3...an = 0 , n = 2, 3, . . . ,∞ . (2.18)
To streamline presentation of gauge symmetries we use the αa, υ and collect gauge transformation
parameters in ket-vector |ξ〉 defined as
|ξ〉 =
∞∑
n=0
υn+1
n!
√
(n + 1)!
αa1 . . . αanξa1...an |0〉 . (2.19)
Note also that, in terms of the |ξ〉, algebraic constraints (2.18) take the form α¯2|ξ〉 = 0.
Using ket-vectors |φ〉 and |ξ〉we note that Lagrangian for continuous spin field (2.4) is invariant
under the following gauge transformations:
δ|φ〉 = G|ξ〉 , G = αD − e1 − α2 1
2Nα + d− 1 e¯1 , (2.20)
where the operators e1, e¯1 appearing in (2.20) are defined in (2.9)-(2.11).
4
3 BRST Lagrangian and partition function of continuous spin field
BRST invariant Lagrangian of continuous spin field. In this section we obtain gauge-fixed
BRST invariant Lagrangian for continuous spin field. We use then such Lagrangian to compute
a partition function of the continuous spin field. As we have already said a general structure of
our Lagrangian (2.4) and gauge transformations (2.20) for continuous spin (A)dS field is similar
to the one for massive (A)dS field. Derivation of BRST Lagrangian and use of such Lagrangian
for a computation of partition function of massive (A)dS field may be found in Ref.[8]. In this
section we demonstrate how the method in Ref.[8] can be applied to the case of continuous spin
field. Lagrangian of continuous spin field with local BRST symmetries was discussed in Ref.[9].
To built gauge-fixed BRST invariant Lagrangian we introduce Faddeev-Popov fields ca1...an ,
c¯a1...an and Nakanishi-Lautrup fields ba1...an , n = 0, 1, . . . ,∞. We use the oscillators to collect all
Faddeev-Popov fields into ket-vectors |c〉, |c¯〉, while all Nakanishi-Lautrup fields are collected into
ket-vector |b〉. Using notation |χ〉 for |c〉, |c¯〉, |b〉, we note that representation of the ket-vectors |c〉,
|c¯〉, |b〉 in terms of scalar, vector, and tensor fields of the so(d, 1) algebra takes the form
|χ〉 =
∞∑
n=0
υn+1
n!
√
(n+ 1)!
αa1 . . . αanχa1...an |0〉 , χ = (c, c¯, b) . (3.1)
Fields in (3.1) with n = 0, n = 1, and n ≥ 2 are the respective scalar, vector, and traceless totally
symmetric tensor fields of the so(d, 1) algebra.
Using ket-vector |φ〉 (2.3) and ket-vectors in (3.1), we note that gauge-fixed Lagrangian Ltot in
arbitrary α-gauge can be presented as
Ltot = L+ Lqu , e−1Lqu = −〈b|L¯|φ〉+ 〈c¯|(✷(A)dS +MFP
)|c〉+ 1
2
α〈b||b〉 , (3.2)
M
FP
= −µ0 − ρ
(
Nυ(Nυ + d− 3) + d− 2
)
, (3.3)
where gauge invariant Lagrangian L is given in (2.4), while the modified de Donder operator L¯
is defined in (2.6). One can verify that, up to total derivative, gauge-fixed Lagrangian (3.2) is
invariant under the following BRST and anti-BRST transformations
s|φ〉 = G|c〉 , s|c〉 = 0 , s|c¯〉 = |b〉 , s|b〉 = 0 , (3.4)
s¯|φ〉 = G|c¯〉 , s¯|c〉 = −|b〉 , s¯|c¯〉 = 0 , s¯|b〉 = 0 , (3.5)
where gauge transformation operator G is defined in (2.20). It easy to check then that BRST and
anti-BRST transformations given in (3.4), (3.5) are off-shell nilpotent: s2 = 0, s¯2 = 0, s¯s+ s¯s = 0.
Lagrangian (3.2) can be cast into the form that is more convenient for practical calculations.
This is to say that fixing the α = 1 gauge and integrating out Nakanishi-Lautrup fields, we find
that Lagrangian (3.2) leads to the following gauge-fixed Lagrangian
e−1Ltot = 1
2
〈φ|(1− 1
4
α2α¯2)
(
✷(A)dS +m1 +m2α
2α¯2
)|φ〉+ 〈c¯|(✷(A)dS +MFP)|c〉 . (3.6)
Alternatively, Lagrangian (3.6) can be represented in terms ofM1,M2 (2.14),(2.15) as
e−1Ltot = 1
2
〈φ|
(
✷(A)dS +M1 − 1
4
α2α¯2(✷(A)dS +M2)
)
|φ〉+ 〈c¯|(✷(A)dS +MFP
)|c〉 , (3.7)
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where MFP is given in (3.3). Thus we see that it is the use of representation for gauge invariant
Lagrangian in (2.5)-(2.7) and the α = 1 gauge that simplify considerably the expression for gauge-
fixed Lagrangian given in (3.6),(3.7). Gauge-fixed Lagrangian given in (3.6) and (3.7) is also
invariant under BRST and anti-BRST transformations given by
s|φ〉 = G|c〉 , s|c〉 = 0 , s|c¯〉 = L¯|φ〉 , s¯|φ〉 = G|c¯〉 , s¯|c〉 = −L¯|φ〉 , s¯|c¯〉 = 0 , (3.8)
where L¯ and G are given in (2.6) and (2.20). Note however that, in contrast to transformations
given in (3.4),(3.5), BRST and anti-BRST transformations given in (3.8) are nilpotent, s2 = 0,
s¯
2 = 0, s¯s+ s¯s = 0, only for on-shell Faddeev-Popov fields.
Partition function of continuous spin field. In order to compute a partition function of contin-
uous spin field we decompose double-traceless ket-vector |φ〉 (2.3) into two traceless ket-vectors
denoted by |φ
I
〉, |φ
II
〉,
|φ〉 = |φ
I
〉+ α2((2Nα + d− 1)(2Nα + d+ 1))−1/2|φII〉, α¯2|φI〉 = 0, α¯2|φII〉 = 0. (3.9)
Using relations (2.3),(3.9), it easy to understand that a decomposition of the traceless ket-vectors
|φ
I
〉, |φ
II
〉 into scalar, vector, and traceless tensor fields of the so(d, 1) algebra can be presented as
|φ
I
〉 =
∞∑
n=0
υn
n!
√
n!
αa1 . . . αanφa1...an
I
|0〉 , (3.10)
|φ
II
〉 =
∞∑
n=0
υn+2
n!
√
(n + 2)!
αa1 . . . αanφa1...an
II
|0〉 . (3.11)
Plugging |φ〉 (3.9) into gauge-fixed Lagrangian (3.7), we get
Ltot = LI −LII + LFP , (3.12)
Lτ ≡ e
2
〈φτ |
(
✷(A)dS +Mτ
)|φτ〉 , τ = I, II (3.13)
L
FP
≡ e〈c¯|(✷(A)dS +MFP)|c〉 , (3.14)
M
I
= −µ0 − ρ
(
Nυ(Nυ + d− 1) + 2d− 4
)
, (3.15)
M
II
= −µ0 − ρ
(
Nυ(Nυ + d− 5) + 2
)
, (3.16)
where operator M
FP
is defined in (3.3). We note that operators M
I
, M
II
(3.15), (3.16) are related
to operators M1, M2 (2.14),(2.15) as MI = M1, MII = M2 + 4ρ. In terms of scalar, vector, and
tensor fields expressions given in (3.13),(3.14) can be represented as
L
I
≡
∞∑
n=0
Ln
I
, L
II
=
∞∑
n=0
Ln
II
, L
FP
=
∞∑
n=0
Ln
FP
, (3.17)
Lnτ ≡
e
2n!
φa1...anτ (✷(A)dS +Mn)φ
a1...an
τ , τ = I, II (3.18)
Ln
FP
≡ e
n!
c¯a1...an(✷(A)dS +Mn)c
a1...an , (3.19)
6
Mn ≡ −µ0 − ρ
(
n(n+ d− 1) + 2d− 4
)
. (3.20)
From (3.12), (3.18),(3.19), we see that the partition function of continuous spin field is given by
Z = ZFP/ZIZII , (3.21)
Z
I
= Z , Z
II
= Z , ZFP = Z2 , (3.22)
Z ≡
∞∏
n=0
Dn(Mn) , Dn(Mn) ≡
√
detn(−✷(A)dS −Mn) , (3.23)
where in relation (3.23) the determinant of D’Alembert operator in (A)dS is evaluated on space of
traceless rank-n tensor field. Using (3.22), we see that partition function of continuous spin field
(3.21) is indeed equal to 1, Z = 1. Note that the partition function of continuous spin field turns out
to be equal to 1 without the use of any special regularization procedure required for a computation
of partition functions in higher-spin gauge field theory (see, e.g., Ref.[15]). For continuous spin
field in (A)dS, we note the same mechanism of cancellation as for higher-spin fields in flat space
(see Eq.(2.2) in Ref.[15]). Namely, using (3.18)-(3.20), we check the cancellation of determinant
of the physical spin-n field and ghost determinant of spin-(n + 1) field. To this end, we note that
partition function Z for Lagrangian Ltot (3.12) can alternatively be represented as
Z =
∞∏
n=0
Zn, Zn =
Dn−1(Mn−1)Dn−1(Mn−1)
Dn(Mn)Dn−2(Mn−2) , D−2(M−2) ≡ 1, D−1(M−1) ≡ 1 .
(3.24)
We now use the following relations:
Dn(Mn) = D⊥n (Mn)Dn−1(Mn−1) , Zn =
D⊥n−1(Mn−1)
D⊥n (Mn)
, (3.25)
where D⊥n (Mn) takes the form as in (3.23) with a prescription that the determinant of D’Alembert
operator in (A)dS is evaluated on space of traceless and divergence-free rank-n tensor field in
(A)dSd+1. From Zn (3.25), we see the cancellation of determinant of the physical spin-n field and
ghost determinant of spin-(n+ 1) field in expression for Z in (3.24).
4 (Ir)reducible classically unitary continuous spin field
Lagrangian (2.4) depends on the two arbitrary real-valued parameters µ0, µ1. Our aim in this
Section is to find restrictions imposed on these parameters for reducible and irreducible classically
unitary systems. We start with our definition of classically unitary (ir)reducible systems.
i) Lagrangian (2.4) is formulated in terms of real-valued fields (2.1) and real-valued gauge transfor-
mation parameters (2.17). Therefore in order for gauge variation of fields (2.20) to be real-valued
the quantity F (n) (2.11) should be positive for all n = 0, 1, . . . ,∞. Let us represent F (n) (2.11)
as
F (n) = µ1 −
(
µ0 + ρ(d− 3)
)
xn − ρx2n , xn ≡ n(n + d− 2) . (4.1)
If F (n) (4.1) is positive for all n, then fields (2.1) will referred to as classically unitary system,
F (n) ≥ 0 for all n = 0, 1, . . . ,∞ classically unitary system. (4.2)
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ii) If F (n) (4.1) has no roots, then fields (2.1) will be referred to as irreducible dynamical system,
while if F (n) (4.1) has roots, then fields (2.1) will be referred to as reducible system,
F (n) 6= 0 for all n = 0, 1, . . . ,∞, irreducible system, (4.3)
F (nr) = 0 for some nr ∈ 0, 1, . . . ,∞, reducible system. (4.4)
For F (n) in (4.3), Lagrangian (2.4) describes infinite chain of coupling fields (2.1), while, for F (n)
in (4.4), Lagrangian (2.4) is factorized and describes finite and infinite decoupled chains of fields.
We are interested in (ir)reducible classically unitary systems. Using definitions (4.2)-(4.4), an
irreducible classically unitary system is defined by relations
F (n) > 0 for all n = 0, 1, . . . ,∞, irreducible classically unitary system; (4.5)
while reducible classically unitary system is defined by relations
F (nr) = 0 for some nr ∈ 0, 1, . . . ,∞ ,
F (n) > 0 for all n = 0, 1, . . . ,∞ and n 6= nr reducible classically unitary system. (4.6)
We now consider (ir)reducible classically unitary systems for flat, AdS, and dS spaces in turn.
Flat space, ρ = 0. Plugging ρ = 0 in (4.1), we find that restrictions on F (n) (4.5), (4.6) lead to
the following allowed values for the parameters µ0 and µ1
µ0 ≤ 0 , µ1 > 0 , for irreducible classically unitary system, (4.7)
µ0 = 0 , µ1 = 0 , for reducible classically unitary system. (4.8)
From (3.18), we see that cases µ0 = 0, µ0 > 0, and µ0 < 0 are associated with the respective
massless, massive, and tachyonic fields in flat space. Note that, for the case of (4.8), we have
F (n) ≡ 0 and this case describes a chain of standard massless fields in flat space which consists
of every spin just once. Case µ0 = 0, µ1 > 0 (4.7) describes massless continuous spin field
in flat space.1 For such field in R3,1, gauge invariant Lagrangian was obtained in Ref.[6]. Case
µ0 < 0, µ1 > 0 (4.7) describes tachyonic continuous spin field in flat space. To our knowledge
Lagrangian gauge invariant description for massless continuous spin field in Rd,1, d > 3, and
tachyonic continuous spin field in Rd,1, d ≥ 3, has not been discussed in earlier literature. We
expect that our continuous spin field with µ0 < 0, µ1 > 0 (4.7) is associated with tachyonic UIR
of Poincare´ algebra.2
If we ignore restrictions in (4.2), (4.3), then restriction (4.4) leads to some interesting reducible
dynamical system. Namely, plugging ρ = 0 in (4.1), we note that equation F (s) = 0 implies
µ1 = s(s+ d− 2)µ0 . (4.9)
Plugging (4.9) into (2.11) with ρ = 0, we find
1 For µ0 = 0, µ1 > 0, one can make sure that our Lagrangian (2.4) leads to light-cone gauge description of
massless continuous spin field discussed in Ref.[2]. Therefore we think that the case µ0 = 0, µ1 > 0 is associated
with massless continuous spin field in flat space. Also, using the covariant gauge L¯|φ〉 = 0 with L¯ as in (2.6), we find
that our Lagrangian (2.4) leads to equations of motion (✷−µ0)|φ〉 = 0, i.e., the case µ0 = 0 describes massless field.
2 Discussion of group theoretical aspects of tachyonic UIR of the Poincare´ algebra may be found in Ref.[16].
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F (Nυ) = (s−Nυ)(s+ d− 2 +Nυ)µ0 . (4.10)
Using F (Nυ) (4.10), we can check that Lagrangian (2.4) and gauge transformations (2.20) describe
reducible system of gauge fields (2.3). Namely, decomposing ket-vector |φ〉 (2.3) as
|φ〉 = |φ0,s〉+ |φs+1,∞〉 , (4.11)
|φM,N〉 ≡
N∑
n=M
υn
n!
√
n!
αa1 . . . αanφa1...an |0〉 , (4.12)
we verify that Lagrangian (2.4) with ρ = 0 and F (Nυ) (4.10) is factorized as
L = L0,s + Ls+1,∞ , L0,s ≡ 1
2
〈φ0,s|E|φ0,s〉 , Ls+1,∞ ≡ 1
2
〈φs+1,∞|E|φs+1,∞〉 , (4.13)
where E is given in (2.5). Also it easy to check that gauge transformations (2.20) with ρ = 0 and
F (Nυ) as in (4.10) are also factorized. Namely, decomposing ket-vector |ξ〉 (2.19) as
|ξ〉 = |ξ0,s−1〉+ |ξs,∞〉 , (4.14)
|ξM,N〉 ≡
N∑
n=M
υn+1
n!
√
(n+ 1)!
αa1 . . . αanξa1...an |0〉 , (4.15)
we check that gauge transformations (2.20) with ρ = 0 and F (Nυ) (4.10) are also factorized,
δ|φ0,s〉 = G|ξ0,s−1〉 , δ|φs+1,∞〉 = G|ξs,∞〉 . (4.16)
Thus we see that if µ0 and µ1 are related as in (4.9) then our Lagrangian (2.4) describes two
decoupling fields |φ0,s〉 and |φs+1,∞〉 (4.12). If µ0 > 0, then we use µ0 = m2 and note that |φ0,s〉
describes a classically unitary spin-s and mass-m massive field. For µ0 > 0, we have F (n) < 0
when n = s+ 1, s+ 2, . . . ,∞ and therefore |φs+1,∞〉 describes classically non-unitary system. In
contrary, if µ0 < 0, then |φ0,s〉 describes a classically non-unitary spin-smassive field. For µ0 < 0,
we have F (n) > 0 when n = s + 1, s + 2, . . . ,∞ and therefore |φs+1,∞〉 describes classically
unitary system. We refer to such |φs+1,∞〉 as spin-(s+ 1) infinite-component field.3
(A)dS space, ρ 6= 0. We now study reducible and irreducible classically unitary systems for (A)dS
space, i.e., we study solution of Eqs.(4.5),(4.6). Our study of (4.5) (4.6) is summarized as follows
Statement 1. For dS space, equations (4.5), (4.6) do not have solutions. Absence of solution
of equation (4.5) implies that continuous spin field in dS space is not realized as irreducible and
classically unitary system, while absence of solution of equation (4.6) implies that continuous spin
field in dS space is not realized as reducible and classically unitary systems.
3 In Rd,1, such field seems to be related to the tachyonic representation with a discrete series for its little algebra
so(1, d− 1). We thank the referee for pointing this out to us.
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Statement 2. For AdS space, equations (4.5) have solutions which we classify as Type I,II, and III
solutions,4
Type I solutions for AdS:
µ0 − |ρ|(d− 3) ≤ 0 , µ1 > 0 . (4.17)
Type II solutions for AdS:
µ0 = |ρ|(d− 3) + 2|ρ|λ0(λ0 + d− 2) ,
µ1 > |ρ|λ20(λ0 + d− 2)2 , λ0 = 1, 2, . . . ,∞ . (4.18)
Type III solutions for AdS:
µ0 = |ρ|(d− 3) + 2|ρ|λ(λ+ d− 2) , (4.19)
µ1 > |ρ|λ2(λ+ d− 2)2 − |ρ|ǫ2(ǫ+ 2λ0 + d− 2)2 for 0 < ǫ < ǫr , (4.20)
µ1 > |ρ|λ2(λ+ d− 2)2 − |ρ|(1− ǫ)2(ǫ+ 2λ0 + d− 1)2 , for ǫr < ǫ < 1 , (4.21)
µ1 > |ρ|λ2(λ+ d− 2)2 − 1
4
|ρ|(2λ0 + d− 1)2 , for ǫ = ǫr , (4.22)
λ = λ0 + ǫ , 0 < ǫ < 1 , λ0 = 0, 1, . . . ,∞ , (4.23)
ǫr ≡
(√
(2λ0 + d− 1)2 + 1− 2λ0 − d+ 2
)
/2. (4.24)
We note that type I solutions are obtained by considering µ0 ≤ |ρ|(d − 3), while type II and III
solutions are obtained by considering µ0 > |ρ|(d− 3). Note also that type II solutions are labelled
by integer λ0 (4.18), while type III solutions are labelled by ǫ, 0 < ǫ < 1, and integer λ0 (4.23).
Statement 3. For AdS space, equations (4.6) have solutions given by
µ1 = s(s+ d− 2)
(
µ0 − |ρ|(s+ 1)(s+ d− 3)
)
, (4.25)
2|ρ|s(s+ d− 3) < µ0 < 2|ρ|(s+ 1)(s+ d− 2) . (4.26)
Lagrangian (2.4) with µ1 given in (4.25) describes reducible system of continuous spin field (2.3).
Namely, decomposing |φ〉 (2.3) as
|φ〉 = |φ0,s〉+ |φs+1,∞〉 , (4.27)
where |φM,N〉 is defined in (4.12), we check that Lagrangian (2.4) with µ1 (4.25) is factorized as
L = L0,s + Ls+1,∞ , L0,s ≡ e
2
〈φ0,s|E|φ0,s〉 , Ls+1,∞ ≡ e
2
〈φs+1,∞|E|φs+1,∞〉 , (4.28)
4 Representations of the so(d, 2) algebra which are associated with our classically unitary irreducible systems
of gauge fields in AdSd+1 are still to be identified. Note that all previously known examples of classically unitary
irreducible systems of gauge fields described by Lagrangian with positive sign in d’Alembertian operators are related
to unitary irreps of the so(d, 2) algebra. Our Lagrangian has positive sign in d’Alembertian operators. Therefore we
believe that our classically unitary irreducible systems are also related to unitary irreps of the so(d, 2) algebra.
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where E is given in (2.5). Gauge transformations (2.20) with µ1 given in (4.25) are also factorized.
Namely, decomposing ket-vector |ξ〉 (2.19) as
|ξ〉 = |ξ0,s−1〉+ |ξs,∞〉 , (4.29)
we verify that gauge transformations (2.20) with µ0, µ1 as in (4.25),(4.26) are also factorized,
δ|φ0,s〉 = G|ξ0,s−1〉 , δ|φs+1,∞〉 = G|ξs,∞〉 . (4.30)
The Statements are proved by noticing that F (n) (4.1) has at most two roots, i.e., we have three
cases: 1) F (n) has no roots; 2) F (n) has one root; 3) F (n) has two roots; We analyse these cases
in turn.
i) Using (4.1), we note that equations (4.5) can alternatively be represented as
µ1 > max
n=0,1,...,∞
((
µ0 + ρ(d− 3)
)
xn + ρx
2
n
)
. (4.31)
We now see that, for dS space (ρ > 0), equation (4.31) has no solution, while, for AdS space (ρ =
−|ρ|) with µ0 ≤ |ρ|(d− 3), equation (4.31) implies µ1 > 0. Analysis of the case µ0 > |ρ|(d− 3)
leads to Type II and III solutions.
ii) Now we analyse the case when F (n) has one root nr = s. Then Eqs.(4.6) amount to
F (s) = 0 , F (n) > 0 for n = 0, 1, . . . , s− 1, s+ 1, s+ 2, . . . ,∞ . (4.32)
It is easy to check that Eqs.(4.32) lead to the following restrictions on µ0, µ1
µ1 = s(s+ d− 2)
(
µ0 + ρ(s + 1)(s+ d− 3)
)
, (4.33)
−2ρs(s + d− 3) < µ0 < −2ρ(s + 1)(s+ d− 2) , for AdS ,
(4.34)
−ρ(s + 1)(s+ d− 3) < µ0 < −ρ∞ , for dS .
Namely, µ1 (4.33) is obtained from equation F (s) = 0. Left inequality in (4.34) is obtained by
requiring F (n) > 0 for n = 0, 1, . . . , s−1, while right inequality in (4.34) is obtained by requiring
F (n) > 0 for n = s+ 1, . . . ,∞. Plugging µ1 (4.33) in (2.11) and using the interrelation between
µ0 and a standard mass parameterm
2,
µ0 + 2ρs(s+ d− 3) = m2 , (4.35)
we cast F (Nυ) (2.11) into the form
F (Nυ) = (s−Nυ)(s+ d− 2 +Nυ)
(
m2 − ρ(s− 1−Nυ)(s+ d− 3 +Nυ)
)
. (4.36)
Lagrangian (2.4) with F (Nυ) (4.36) describe reducible system of continuous spin field (2.3).
Namely, decomposing |φ〉 (2.3) as in (4.27) we verify that Lagrangian (2.4) is factorized as in
(4.28). For dS space, relation ρ = |ρ| implies that inequalities (4.34) are inconsistent. Thus, for dS
space, Eqs.(4.6) with one root nr = s do not have solutions. For AdS, using ρ = −|ρ|, we see that
(4.33),(4.34) lead to (4.25),(4.26). Note that, using (4.35), we can represent (4.34) as
0 < m2 < −2ρ(2s + d− 2) for AdS . (4.37)
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iii) Finally we analyse Eqs.(4.6) for the case when F (n) (4.1) has two roots nr = s, S, s ≤ S,
F (s) = 0 , F (S) = 0 , s ≤ S . (4.38)
Using F (n) (4.1), it is easy to check that solution to equations (4.38) is given by
µ0 = −ρs(s + d− 2)− ρ(S + 1)(S + d− 3) , µ1 = −ρs(s + d− 2)S(S + d− 2) . (4.39)
Plugging (4.39) into (2.11), we get
F (Nυ) = −ρ(s−Nυ)(s+ d− 2 +Nυ)(S −Nυ)(S + d− 2 +Nυ) . (4.40)
Lagrangian (2.4) and gauge transformations (2.20) with µ0, µ1 (4.25),(4.26) and F (Nυ) (4.40)
describe reducible system of continuous spin field (2.3). Namely, decomposing |φ〉 (2.3) as
|φ〉 = |φ0,s〉+ |φs+1,S〉+ |φS+1,∞〉 , (4.41)
where |φM,N〉 is defined in (4.12), we verify that Lagrangian (2.4) is factorized as
L = L0,s + Ls+1,S + LS+1,∞ , LM,N ≡ e
2
〈φM,N |E|φM,N〉 , (4.42)
whereE is given in (2.5). In (4.41), we assume that if s = S, then |φs+1,s〉 ≡ 0. From (4.40),(4.42),
we learn that |φ0,s〉 (4.41) describes classically unitary (non-unitary) massive spin-s field in AdS
space (dS space), the |φs+1,S〉 (4.41) describes classically non-unitary partial-massless spin-S field
in (A)dS, while the |φS+1,∞〉 (4.41) describes classically unitary (non-unitary) spin-(S+1) infinite-
component field in AdS space (dS space). Mass parameters of |φ0,s〉 and |φs+1,S〉 are given by
m2 = −ρ(S + 1− s)(S + s+ d− 3) , for |φ0,s〉 , (4.43)
m2k ≡ ρk(2S + d− 4− k) , k ≡ S − s− 1 , for |φs+1,S〉 . (4.44)
Relation (4.44) tells us that |φs+1,S〉 is a depth-k partial-massless field. For S = s + 1, this field
turns out to be spin-(s+ 1) massless field.
To summarize, in this paper, we developed gauge invariant Lagrangian formulation for continu-
ous spin field in (A)dS and applied our result for a computation of partition function. In this paper,
we used metric-like Lagrangian formulation of gauge fields.5 In the literature, there are many inter-
esting approaches to Lagrangian formulation of gauge fields. We mention frame-like formulation
and BRST approach (see, e.g., Refs.[19, 20]). It will be interesting to study continuous spin field
in the framework of such formulations and establish their connection with a vector-superspace for-
mulation in Refs.[6, 21]. We note also that use of extended hamiltonian approach could be helpful
for better understanding of physical d.o.f for continuous spin field. Recent discussion of extended
hamiltonian approach may be found in Refs.[22, 23]. Applications of various methods, which
were developed for analysis of interaction vertices of gauge fields in Refs.[24]-[30], to the study
of interaction vertices of continuous spin field could of some interest. Light-cone gauge methods
in Refs.[31]-[34] can also be helpful for this purpose. Recent developments in light-cone approach
to field dynamics may be found in Refs.[35].
Acknowledgments. We thank X. Bekaert for informal seminar on continuous spin field given
at Lebedev Institute in June 2016. The seminar triggered our interest in continuous spin field. This
work was supported by the RFBR Grant No.14-02-01171.
5 We expect that, at level of light-cone gauge equations of motion and unfolding equations of motion, a description
of continuous spin AdS field appeared in the respective Ref.[17] and Ref.[18]. Namely, we expect that, in Sec.5 in
Ref.[17], continuous spin is realized for the arbitrary parameters λ+− and λ, while, in Sec. 2 in Ref.[18], continuous
spin is realized for the arbitrary parameters l0 and k0. We thank E.D.Skvortsov and M.A.Vasiliev for pointing out
Ref.[18] to us.
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Appendix A Notation
Vector indices of the so(d, 1) algebra take the values a, b, c = 0, 1, . . . , d. We use mostly positive
flat metric tensor ηab. To simplify our expressions we drop ηab in the scalar products. We use the
creation operators αa, υ and the respective annihilation operators α¯a, υ¯,
[α¯a, αb] = ηab , [υ¯, υ] = 1 , α¯a|0〉 = 0 , υ¯|0〉 = 0 , αa† = α¯a, υ† = υ¯. (A.1)
These operators are referred to as oscillators in this paper. The oscillators αa, α¯a and υ, υ¯, trans-
form in the respective vector and scalar representations of the so(d, 1) algebra. Realization of
covariant derivativeDa on space of ket-vector |φ〉 (2.3) is given by Da = ηabDb,
Da ≡ ema Dm , Dm ≡ ∂m +
1
2
ωabmM
ab , ∂m = ∂/∂x
m , Mab ≡ αaα¯b−αbα¯a , (A.2)
where base manifold index takes values m = 0, 1, . . . , d. In (A.2), Dm stands for the Lorentz
covariant derivative, while ema is inverse vielbein of AdSd+1 space. Also note that M
ab is a spin
operator of the Lorentz algebra so(d, 1), while ωabm is the Lorentz connection of AdSd+1 space.
AdSd+1 space contravariant tensor field, φ
m1...mn , is related with field carrying the flat indices,
φa1...an , in a standard way φa1...an ≡ ea1m1 . . . eanmnφm1...mn . We use the conventions
α2 ≡ αaαa , α¯2 ≡ α¯aα¯a , Nα ≡ αaα¯a , Nυ ≡ υυ¯ , (A.3)
αD ≡ αaDa , α¯D ≡ α¯aDa , ✷(A)dS ≡ DaDa + eamωabmDb , (A.4)
Π[1,2] ≡ 1− α2 1
2(2Nα + d+ 1)
α¯2 . (A.5)
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